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For years computer-based stochastic simulation has been a commonly used tool in the
performance evaluation of various systems. Unfortunately, the results of simulation
studies quite often have little credibility, since they are presented without regard to their
random nature and the need for proper statistical analysis of simulation output data.

This paper discusses the main factors that can affect the accuracy of stochastic
simulations designed to give insight into the steady-state behaviour of queueing processes.
The problems of correctly starting and stopping such simulation experiments, to obtain
the required statistical accuracy of the results are addressed. In this survey of possible
solutions, the emphasis is put on their possible applications in the sequential analysis of output
data, which adaptively decides about continuing a simulation experiment until the
required accuracy of results is reached. A suitable solution for deciding upon the starting
point of a steady-state analysis and two techniques for obtaining the final simulation
results to a required level of accuracy are presented, together with pseudo-cod

implementations.

Categories and Subject Descriptors: G.3 [Probability and Statistics]: Statistical
Computing, Statistical Software; G.4 [Mathematical Software]: Efficiency, Reliability
and Robustness; G.m [Miscellaneous]: Queueing Theory; 1.6.4 [Simulation and

Modeling]: Model Validation and Analysis

General Terms: Algorithms, Performance, Theory

Additional Key Words and Phrases: Automation of simulation experiments, initial
transient period, precision of simulation results, sequential analysis of confidence
intervals, statistical analysis of simulation output data, stopping rules for steady-state

simulation

INTRODUCTION

Computer-based stochastic simulation, tradi-
tionally regarded as a last resort tool (if ana-
lytical methods fail), has become a valid and
commonly used method of performance evalu-
ation. This popularity is due to the continuing
development of more powerful and less expen-
sive computers, as well as significant achieve-
ments in software engineering. One can ob-
serve a trend towards integrating simulation
methodology with concepts and methods of ar-
tificial intelligence [Artificial Intelligence 1988].
Various user-friendly simulation packages of-
fer visual interactive capabilities; traditional
discrete-event simulation modeling is more and
more frequently supported by object and logic-
oriented programming and various concepts of
artificial intelligence [Bell and O;Kneefe 1987;

Gates et al. 1988; Jackman and Medeiros 1988;
Kerckhoffs and Vansteenkiste 1986; Knapp
1986; Oren and Zeigler 1987; Ruiz-Mier and
Talavage 1987; Stairmand and Kreutzer 1988;
Zeigler 1987]. All these developments offer users
increasingly powerful and versatile techniques
for performance evaluation, leading towards
automatic, knowledge-based simulation pack-
ages. Simulation programming techniques and
languages are discussed in numerous publica-
tions, including textbooks by Bulgren [1982],
Kreutzer [1986], Law and Kelton [1982], and
Payne [1982].

Applying simulation to the modeling and
performance analysis of complex systemscan
be compared to the surgical scalpel [Shannon
1981], whereby ”in the right hand [it] can ac-
complish tremendous good, but it must be used
with great care and by someone who knows



what they are doing”. One of the applications
where simulation has become increasingly popu-
lar is the class of dynamic systems with random
input and output processes, represented for ex-
ample by computer communication networks.
In such cases, regardless of how advanced the
programming methodology applied to simula-
tion modeling is, since simulated events are con-
trolled by random numbers, the results pro-
duced are nothing more than statistical sam-
ples. Therefore, various simulation studies, fre-
quently reported in technical literature, can be
regarded as programming exercises only. The
authors of such studies, after putting much in-
tellectual effort and time into building simula-
tion models and then writing and running pro-
grams, have very little or no interest in a proper
analysis of the simulation results. It is true that
"the purpose of modeling is insight, not num-
bers” [Hamming 1962], but proper insight can
only be obtained from correctly analysed num-
bers. Other modes of presenting results, for
example animation, can be very attractive and
useful when the model is validated, but nothing
can substitute the need for statistical analysis
of simulation output data in studies aimed at
performance analysis; see also Schruben [1987].

In the stochastic simulation of, for example,
queueing systems ”computer runs yield a mass
of data but this mass may turn into a mess.” If
the random nature of the results is ignored, ”in-
stead of an expensive simulation model, a toss

of the coin had better be used” [Kleijnen, 1979].
Statistical inference is an absolute necessity in
any situation when the same (correct) program
produces different (but correct) output data
from each run. Any sequence x1,xs,- - ,x, of
such output data simply consists of realisations
of random variables X1, Xo,---, X,;. Examples
illustrating this fact may be found in Kelton
[1986], Law [1982], Law and Kelton [1982a], and
Welch [1983, Sec.6.1] .

The simplest objective of simulation studies
is the estimation of the mean p, of an analysed
process from the sequence of collected observa-
tions x1,x2,- - ,T,, by calculating the average
as follows:

X(n) = -
i=1

T

(1)

Such an average assumes a random value, de-
pends on the sequence of observations. The ac-
curacy with which it estimates an unknown pa-
rameter p, can be assessed by the probability

P(IX(n) = pa| < Ag) =1-a
(2a)

P(Y(n)*Ax S,ux Sy(n)+Ax) = 1*04
(2b)



where A, is the half-width of the confidence
interval for the estimator and (1 — «) is the
confidence level, < a < 1. Thus, if the width
27, of the confidence interval is found for an
assumed confidence level of (1—a) and the sim-
ulation experiment were repeated a number of
times, the interval (X(n) — Az, X(n) + A)
would contain an unknown average u, in
1 (I —a) of cases and would not in 1 «
of cases. It is well known that if observations
T1,T9, -+ , Ty can be regarded as realizations of
independent and normally distributed random
variables X1, X9, -+, X, then

where

- Z; X n 2
X () = Y KR

- ()
pat n(n—1)
is the (unbiased) estimator! of the variance of
X(n),and , 11 o is the upper (1 — a 2)
critical point obtained from the -distribution

with (n—1) degrees of freedom. In other words,
for given 1 — a 2, assuming the -distribution

for the random variable , 1 = (X(n) —

L) [X(n)], we get that P[ , 1 < | =
l—a2for = , 11 9; see igure 1 and
Appendix A. or this reason, ,, 11 o is also

called the (1 — a 2) quantile, or percentile,
of the -distribution with (n — 1) degrees of
freedom. or n 3 , the -distribution can
be replaced by the standard normal distribu-
n 11 2 in Equation (3)
should be replaced by | 5, which is the up-
per (1 — « 2) critical point obtained from the
standard normal distribution or, equivalently,
the (1 — a 2) quantile of the standard normal
distribution; see Appendix A. Commonly used
valuesof , 11 9and ; o have been tabu-
larized and can be found in many textbooks;
see, for example, Trivedi [1982, Appendix 3,
and p. 89]. (Warning: The definitions used for
obtaining tabularized values should always be
checked. or example, o and | o
are sometimes denoted as 5 and
spectively.)

tion. In that case

n 11

n 1 2, I'e-

Equation (3) can also be applied if the ob-
servations 1, xo, -+ , T, represent random vari-
ables which are not normally distributed. That
is, if the observations are realizations of inde-



pendent and identically distributed (i.i.d.) ran-
dom variables X1, Xo,---,X,,, then according
to the central limit theorem (see Appendix A),
the distribution of the variable X (n) tends to
the normal distribution as the number of col-
lected observations n increases. In practice,
Equation (3) gives a good approximation for
n 1 . Results obtained from Equations (1)
and (3) are called and ,
respectively. Both of them are important: The
former characterizes the system analysed, and
the latter states the accuracy of the obtained
characteristics.

If observations x1,x2,--- ,x, cannot be re-
garded as realizations of i.i.d. random variables,
we have to consider some modifications to the
above estimators. This raises the problem of
measuring the quality of estimators. There are
three common measures of estimator effective-
ness :

1. The , which measures the systematic
deviation of the estimator from the true
value of the estimated parameter; for ex-
ample, in the case of X (n),

[X(n)] = [X(n) - pal-

()

2. The , which measures the mean
(squared) deviation of the estimator from
its mean value; that is,

X)) = [ X(n)— [X(n)] 2. (6)
3. The
timator, defined as

(MSE) of the es-

[X(n)] = [X(n)—pal® .

(7)
ote that from these definitions,
(X (n)]

= [X(m)] 2+ Z[X(n)]. (8

The main analytical problem encountered in
the analysis of simulation results is that they are
usually highly correlated and thus do not satisfy
the precondition of statistical independence. If
observations x1,xs,--- ,x, represent an auto-
correlated and stationary sequence of random
variables X1, Xo,---,X,,, then the variance of
X (n) is given by the formula

[ O)+2) (1==) ()]

’[X(n)] = . (9)
n
where
()= [(Xi—p)(Xi —pa)l,
< <n-1 (1)
is the autocovariance of order ( the lag com-

ponent of the autocorrelation function () )
of the sequence. The autocovariances defined
in Equation (1 ) are independent of the index

due to the assumed stationarity of the analysed
processes.  ote that the variance 2[X(n)] can
be reduced to ( ) n, and consequently could
be estimated by Equation ( ), if and only if the
observations are uncorrelated.  eglecting the
existing statistical correlation is equivalent to
removing all the components except () from
Equation (9). Such an approximation is usu-
ally unacceptable. or example, in an M M 1
queueing system with 9 utilization, the vari-
ance of the mean queue length calculated ac-
cording to Equation (9) is 367 times greater
than that from Equation ( ), [Blomqvist 1967];
see Law and Kelton [1982a, p.1 6] for another
example. Any variance analysis disregarding
correlations among the observations would lead
either to an excessively optimistic confidence
interval for p,, in the case of positively cor-
related observations, or to an excessively pes-
simistic confidence interval for p, , in the case
of negatively correlated observations; see Equa-
tion (3). A positive correlation between obser-
vations is typical in simple queueing systems
without feedback connections and it is stronger



for a higher system utilization; see, for exam-
ple, aley [1968] for correlation analysis of the
M M 1 queue.

Generally, the analysis of variance of corre-
lated processes, and the analysis of their auto-
correlation functions in particular, is a complex
statistical problem and therefore creates a ma-
jor di culty in the statistical analysis of sim-
ulation output data. In (or

) used for studying the be-
haviour of systems during specified intervals of
time, the above problem can be overcome by
making a number of independent replications
of the simulation experiment. In that case the
means of individual observations collected dur-
ing different simulation runs can be regarded as
a sequence of independent (secondary) output
data, and Equation ( ) can be applied. Ex-
haustive discussions on the statistical analysis
of output data from terminating simulation can
be found for example, in Kleijnen [1979, 1987],
Law [198 |, and Law and Kelton [1982a, Sec.
8. .

In this paper, we discuss

, aimed to give insight
into the behaviour of queueing processes after a
long period of time. The methodology for this
kind of simulation study is much more compli-
cated. After launching, a queueing process is
initially in a nonstationary phase (warm-up pe-
riod). Then, if the process is stable, it moves
asymptotically towards a steady state (statisti-
cal equilibrium), although different parameters
usually tend to the steady state with different
rates. Since observations gathered during the
initial transient periods do not characterize the
steady state, a natural idea is to discard all such
observations before further analysis. This re-
quires an estimation of the effective length of
the initial transient period. Ignoring the ex-
istence of this period can lead to a significant
bias of the final results. On the other hand, the
removal of any observations increases the vari-
ance of estimates, which in turn can increase

the value of the mean-square error | onnelly
and Shannon 1981; ishman 1972; Turnquist
and Sussman 1977; Wilson and Pritsker 1978a).
Thus, a decision whether to delete or not to
delete initial observations depends on the as-
sumed criterion of goodness of the estimators.
This also affects methods used to collect obser-
vations, which are discussed in the next Section
1. These and other aspects of the problem of
initialization are presented broadly in Section
2.

Several methods of data collection and anal-
ysis has been proposed to overcome the theo-
retical problems that arise from the correlated
nature of observations collected during steady-
state simulation. We survey these methods in
Section 1. They are distinguished by the way
they estimate the variance of observed pro-
cesses; the estimate is needed for determining
the width of the confidence intervals. sually,
the method impose special requirements on how
the output data from simulation experiments
should be collected and preprocessed, depend-
ing on whether they attempt to weaken or even
remove statistical dependencies among obser-
vations or take the actual correlations among
observations into consideration. Among them
one can distinguish:

the method of independent replications
the method of batch means

the method of overlapping batch means
the method of uncorrelated sampling
the method of regenerative cycles

the method based on spectral analysis

the method based on autoregressive rep-
resentation

the method based on standardized time
series
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