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A Fast 4 x 4 Forward Discrete
Tchebichef Transform Algorithm

Kiyoyuki Nakagaki and Ramakrishnan Mukundan

Abstract—The discrete Tchebichef transform (DTT) is a
transform method based on discrete orthogonal Tchebichef
polynomials, which have applications recently found in image
analysis and compression. This letter introduces a new fast 4 x
4 forward DTT algorithm. The new algorithm requires only 32
multiplications and 66 additions, while the best-known method
using two properties of the DTT requires 64 multiplications and
96 additions. The proposed method could be used as the base
case for recursive computation of transform coefficients. Exper-
imental results showing performance improvement over existing
techniques are presented.

Index Terms—Algorithms, discrete cosine transforms, discrete
Tchebichef transform, image coding, signal processing.

1. INTRODUCTION

MAGE transform methods using orthogonal kernel func-
I tions are commonly used in image compression. One of the
most widely used image transform methods is the discrete co-
sine transform (DCT) [5], used in JPEG image compression
standard [11]. Due to its popularity, there have been many fast
algorithms proposed for the DCT. Many of them are based on
the recursion on the size of input data N [3], [10], [12], where
the problem of computing the DCT coefficients of size N is re-
cursively reduced to the problems of computing the DCT coeffi-
cients of size N/2. Some fast algorithms are developed specif-
ically for two-dimensional DCT [1], [2], [7]. In addition, [6]
proposes a 4 x 4 DCT algorithm to serve the base case for the
recursive methods.

The discrete Tchebichef transform (DTT) is another trans-
form method using Tchebichef polynomials [4], [9], which has
as good energy compaction properties as the DCT and works
better for a certain class of images [8]. Due to its high en-
ergy compaction property, the DTT has been used in image pro-
cessing applications such as image compression and image fea-
ture extraction.

The DTT has the additional advantage of requiring the evalu-
ation of only algebraic expressions, whereas certain implemen-
tations of DCT require lookup tables for computing trigono-
metric functions. However, the algebraic form of the DTT does
not permit a recursive reduction of polynomial order as in the
case of the DCT. Therefore, not many fast algorithms for the
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DTT have so far appeared in the literature. In this letter, a new
fast 4 x 4 forward discrete Tchebichef transform is proposed.
The proposed algorithm will be useful for the computation of
base case for a recursive evaluation of transform coefficients in
DTT-based image compression algorithms.

The definition of the DTT is given in Section II. Two of its
properties are listed in Section III. Section IV gives a descrip-
tion of the proposed algorithm. Comparative analysis and the
conclusion are given in Sections V and VI, respectively.

II. DISCRETE TCHEBICHEF TRANSFORM

Given a set of input values (image intensity values for image
compression) of size N x N, the forward discrete Tchebichef
transform of order p + ¢ is defined as

N-1N-1
Ty = Z Z tp(2)tq(y) f(2,y)
=0 y=0
p,gq=0...N -1 @))

where ¢, (z) is the orthonormal version of Tchebichef polyno-
mials given by the following recursive relation:

ty(z) = (anzx + ao)ty_1 + agty_o(z) )
o) = — 3)
T)=——=
0 \/N
3
=(2 1-N 4
el pore e s
where
2 4?21
M=o N 2
_1—=N [4p?2—1
“2=— N2 _p2
_l—p [2p+1 [N2—(p—1)?
@ = D 2p — 3 NZ—p2

Both DCT and DTT satisfy the properties of separability and
even symmetry as outlined in Section III.

III. PROPERTIES OF THE DTT

A. Separability

The definition of DTT can be written in separable form as

N—-1 N—-1
Tpg= Y tp(x) Y ta(y)f(z,y) (5)
=0 y=0
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and therefore evaluated using two one-dimensional transforms
as follows:

N-1

gq(x) = tq(y)f(xa "/) (6)
y=0
N-—-1

Tpq = tp(z)gq(z). @)
=0

B. Even Symmetry

It is shown in [9] that Tchebichef polynomials satisfy the
property
BN =1 - ) = (1) (@),

p=0,1,....N—1. (8)

This allows us to reduce the number of multiplications by
redefining DTT as

-1
Tpq Z tp(z) (gq(z) + (=1)Pgg(N =1 —x)) (9
where
0@ = 3 ta) (F,9) + (~1)1 (@, N —1— 1)) (10)

The above two properties are commonly used in transform
coding methods to get a substantial reduction in the number of
arithmetic operations. It is well known that the order of com-
plexity can be reduced from O(N%) to O(N?) using the sepa-
rability property alone. In the following section, we attempt to
use specifically the transform properties for N = 4 to further
reduce the amount of computation.

IV. FAST 4 x 4 FORWARD DTT ALGORITHM

Substituting N = 4 and each p € {0, 1,2,3} into (2), the
orthonormal Tchebichef polynomials ¢, (z) is rewritten as

tole) = 5

ti(z) = %

to(z) = %xZ - ga: + %

ts(z) = \égxs — 32£x2 + 473\0/5;5 - \1/05

The polynomials for z = 0. .. 3 are evaluated as in Table 1.

The table suggests that t,(z) for N = 4 has three dis-
tinct values, regardless of sign and implies the following
relationships:

to(0) =to(1) = to(2) = to(3)

TABLE I
EVALUATION OF THE TCHEBICHEF POLYNOMIALS FOR N = 4 AT = 0, 1,2, 3

x=0 x=1 x=2 x=3

1 1 1 1

t —_— —_— —_— —_—
ox) |3 2 2 2
f) | 238 5 5 34
! 10 10 10 10
1 1 1 1

L) |5 2 P 2
1(x) 5 3V5 345 V5
3 10 10 10 10

From the above, it is obvious that #; (0) = 3¢, (1) and ¢, (0)?+
t1(1)2 = 0.5.

Since t,(z) has three distinct values, there are only the fol-
lowing six values for the product ¢, (z)t,(y) of the definition of
the DTT:

A =10(0)t0(0)
B =10(0)t1(0)
C =to(0)t1(1)

D = t,(0),(0)
E = 1,(0)t1(1)

F = ty(1)t:(1). (11)

Factorizing the definition of the forward DTT for N = 4

3 3
Tog =YD tp(@)te(y) f(z,y) (12)

=0 y=0

with respect to A, B, C, D, F, and F gives the following ex-
pressions for the transform coefficients:

Tio = B (=£(0,0) = f(0,1) = f(0,2) = f(0,3)
+£(2,0) + f(2,1) + f(2,2) + f(2,3))
+C(=f(1,0) = f(1,1) = f(1,2) - f(1,3)
+/3,0)+ f(3,1) + f(3,2) + f(3,3))
Tin =D (£(0,0) = f(0,3) = £(3,0) + f(3,3))
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Fig. 1. Signal flow graph of the new 4 x 4 DTT algorithm.

+E(f(0,1) = f(0,2) + f(1,0) = f(1,3)
—f(2,0)+ f(2,3) = F(3,1) + f(3,2))
+F(f(1L1) = f(1,2) = f(2,1) + f(2,2))
Tz = B(=f(0,0) + f(0,1) + f(0,2) - f(0,3)
+£(3,0) = F(3,1) = f(3,2) + F(3,3))
+E(=f(1,00+ f(1, 1)+ f(1,2) - f(1,3)
+£(2,0) = f(2,1) = f(2,2) + f(2,3))
Tis =D (=f(0,1) + £(0,2) + f(3,1) = f(3,2))
+E(f(0,0) = f(0,3) = f(1,1) + f(1,2)
+£(2,1) = f(2,2) - f(3,0) + f(3,3))
+F(f(1,0) = f(1,3) = f(2,0) + f(2,3))
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+ LA | T(0,0)
+ =2 + =T
+ A} T0.2)
‘B
= %—T(oa)
‘B
+ '.g T(1,0)
0 +
+ = l T(1,1)
‘B
. —— {12
‘D
¢
E T3
= (13)
= T(20)
ol +F—T@1)
+ T2
‘B
= ><D—”2’3)
‘B
= p
= T(sn)
=
“D
- +—T1@3
E Eh’ )

+ C (—f(0,0) + f(0,3)+ f(1,0) — f(1,3)
+£(2,0) = f(2,3) = f(3,0) + f(3,3))
Tz =B(f(1,0)+ F(1, 1)+ £(1,2) + f(1,3)
—f(2,0) = f(2,1) = £(2,2) = f(2,3))
+C(=£(0,0) = f(0,1) = £(0,2) = f(0,3)
+/3,0)+F3, 1)+ F(3,2) + F(3,3))
Ts =D (=f(1,0) + (1,3) + f(2,0) — f(2,3))
+E(£(0,0) = f(0,3) = f(1,1) + f(1,2)
+£(2,1) = £(2,2) = f(3,0) + f(3,3))
+F(f(0,1) = f(0,2) = f(3,1) + f(3,2))

Tz = B(f(1,0) = f(1,1) = £(1,2) + f(1,3)
—f(2,0)+ f(2,1) + £(2,2) - f(2,3))
+C(=£(0,0) + f(0,1) + £(0,2) = f(0,3)
+/3,0) - f3,1) = f(3,2) + F(3,3))
Tss =D (f(1,1) = f(1,2) = f(2,1) + f(2,2))
+E(=f(0,1) + f(0,2) = f(1,0) + f(1,3)
+£(2,0) — £(2,3) + f(3,1) — f(3,2))
+ F(f(0,0) = f(0,3) = f(3,0) + f(3,3))

The principal idea behind our algorithm is that the above ex-
pression for the transform coefficients can be viewed as linear
combinations of a new set of six basis functions givenin (11) in-
stead of 16 basis functions in (1). The even symmetry property
in (9) allows us to group terms of the forms f(z,0)+ f(z, 3) and
fz,1) £ f(2,2) forz = 0, 1, 2, 3 to further reduce the number
of repeated additions and subtractions. Computing these terms
appropriately before multiplication gives rise to the signal flow
graph presented in Fig. 1. The signal flow graph directly repre-
sents our algorithm. Note that the subtraction (—) gate used in
the signal graph subtracts the bottom input from the top input
and outputs the result.
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TABLE II
NUMBER OF MULTIPLICATIONS AND ADDITIONS NEEDED TO TRANSFORM
A 4 x 4 BLOCK BY THE NAIVE METHOD, THE METHOD USING
SEPARABILITY AND SYMMETRY, AND OUR METHOD

Naive Method Separability Our Method
& Symmetry
#Multiplications 512 64 32
#Additions 240 96 66
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Fig. 2. Time in milliseconds taken to transform images by naive method, the
method using separability and symmetry, and our method.

In our algorithm, the 4 x 4 input data are given as f(4,7),
where 7, 7 = 0...3 and go through a number of addition steps.
The added terms are multiplied by one of A = #((0)t0(0), B =
t0(0)t1(0), C = to(0)t1(1), D = ¢1(0)t1(0), £ = t1(0)t1(1),
or F' = t1(1)t1(1). Finally, some terms are added to output
T(i,j),wherei,j = 0...3 as computed DTT coefficients. Fac-
torization of polynomial expressions with respect to A, B, C,
D, E, and F was found to yield a faster algorithm compared to
the method using the separability.

V. COMPARATIVE ANALYSIS

The number of multiplications and additions needed by the
proposed method, the naive method, and the method using the
separability and the even symmetry for N = 4 are presented in
Table I1. The naive method refers to the direct implementation of
the forward DTT definition given in (1). The method using sym-
metry and separability refers to the modified definition given in
(10).

Table II shows that our method requires half the number of
multiplications of the method using separability and symmetry.
The number of additions required by the proposed method is ap-
proximately two thirds of the one required by the method using
separability and symmetry. The number of multiplications could
be further reduced by using bit shifts for computing products in-
volving the constant A.

The proposed algorithm has been implemented and tested on
128 x 128,256 x 256,512 x 512,768 x 768, and 1024 x 1024
images. The naive method using the straight definition of the

DTT and the method using both separability and even symmetry
have been implemented and tested for comparison against the
proposed algorithm.

Fig. 2 shows that the proposed method takes about one ninth
of the time taken by the naive method and takes two thirds of the
time taken by the method using the separability and symmetry.

VI. CONCLUSION

This letter has presented a new algorithm for fast computa-
tion of 4 x 4 discrete Tchebichef transform blocks. The ex-
pressions for transform coefficients could be regrouped to form
linear combinations of six new basis functions comprising of
products of Tchebichef polynomials. This method of computa-
tion has yielded a framework where the amount of computation
is significantly less than the conventional method using the sep-
arability property. Experimental results have shown that the pro-
posed algorithm efficiently reduces the time taken to transform
images of different sizes.

The proposed algorithm could be used as the base case for
DTT computation using recursive reduction of polynomial
order. Further, the representation of transform coefficients
using six basis functions could also be used to reduce the
number of computations in the inverse DTT used for image
reconstruction. Future work in this field is to develop a fast
DTT algorithm for arbitrary input size V.
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