SOME PROBLEMS IN SEQUENTIAL SIMULATION
WITH SELF-SIMILAR PROCESSES *

Hae-Duck J. Jeong, Don McNickle! and Krzysztof Pawlikowski

Department of Computer Science and "Department of Management
University of Canterbury
Christchurch, New Zealand
E-mail: {joshua, krys}@cosc.canterbury.ac.nz

KEYWORDS

Self-Similar Processes, Sequential Simulation, Teletraffic
Generators.

ABSTRACT

It is generally accepted that self-similar processes may
provide better models for teletraffic in modern telecom-
munication networks than Poisson processes. If stochas-
tic self-similarity of teletraffic is not taken into account, it
can lead to inaccurate conclusions about performance of
networks. Thus, an important requirement for conduct-
ing simulation studies of networks is the ability to gen-
erate long synthetic self-similar sequences of incremental
processes, to transform them into inter-event time in-
tervals, and to do this accurately and quickly. A case
study is discussed to show how many observations and
how much time are needed in steady-state simulation of
queueing models with self-similar input processes. This is
compared with simulation run lengths of the same queue-
ing models fed by Poisson processes.

1 INTRODUCTION

The search for accurate mathematical models of data
streams in modern telecommunication networks has at-
tracted a considerable amount of interest in the last few
years. The reason is that several recent teletraffic studies
of local and wide area networks, including the world wide
web, have shown that commonly used teletraffic models,
based on Poisson or related processes, are not able to
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capture the self-similar (or fractal) nature of teletraffic
(Leland et al. 1994; Likhanov et al. 1995; Paxson and
Floyd 1995; Ryu 1996), especially when they are engaged
in such sophisticated services as variable-bit-rate (VBR)
video transmission (Garrett and Willinger 1994; Krunz
and Makowski 1998; Rose 1997). The properties of tele-
traffic in such scenarios are very different from both the
properties of conventional models of telephone traffic and
the traditional models of data traffic generated by com-
puters.

The use of traditional models of teletraffic can result
in overly optimistic estimates of performance of telecom-
munication networks, insufficient allocation of commu-
nication and data processing resources, and difficulties
in ensuring the quality of service expected by network
users (Beran 1992; Neidhardt and Wang 1998; Paxson
and Floyd 1995). On the other hand, if the strongly
correlated character of teletraffic is explicitly taken into
account, this can also lead to more efficient traffic control
mechanisms.

Several methods for generating pseudo-random self-
similar sequences have been proposed. They include
methods based on fractional Gaussian noise (Mandel-
brot 1971), fractional ARIMA processes (Hosking 1984),
the M/G/o0 queue model (Krunz and Makowski 1998;
Leland et al. 1994), autoregressive processes (Cario
and Nelson 1998; Granger 1980), spatial renewal pro-
cesses (Taralp et al. 1998), etc. Some of them generate
asymptotically self-similar sequences and require large
amounts of CPU time. For example, Hosking’s method
(Hosking 1984), based on the F-ARIMA(0, d, 0) process,
needs many hours to produce a self-similar sequence with
131,072 (2'7) numbers on a Sun SPARCstation 4 (Leland
et al. 1994). It requires O(n?) computations to generate
n numbers. Even though exact methods of generation
of self-similar sequences exist (for example: (Mandelbrot
1971)), they are only fast enough for short sequences.



They are usually inappropriate for generating long se-
quences because they require multiple passes along gen-
erated sequences. To overcome this, approximate meth-
ods for generation of self-similar sequences in simulation
studies of telecommunication networks have also been
proposed (Lau et al. 1995; Paxson 1997).

An important requirement for conducting simulation
studies of telecommunication networks is the ability to
generate long synthetic self-similar sequences of incre-
mental processes, long enough to ensure arbitrary statis-
tical precision of the final simulation results. Very little
is known on appropriateness of selection of specific inter-
arrival processes and production of inter-event time in-
tervals for arrival counts generated by an FGN process
still remains an open research issue (Jeong et al. 1999b;
Leroux and Hassan 1999; Paxson 1997).

Three methods for generation of self-similar se-
quences were considered in (Jeong et al. 1999). In this
paper we study an additional method, based on Frac-
tional Gaussian Noise and Daubechies Wavelets (FGN-
DW) which has promising properties, and consider the
transformation of count processes into inter-arrival pro-
cesses. This generator was proposed in (Jeong et al.
1999a). Then, the inter-arrival processes are used in
steady-state simulation of queueing models with self-
similar input processes.

A summary of the basic properties of self-similar pro-
cesses is given in the next section. Generation and trans-
formations of the FGN-DW count processes are described
in Section 3. In Section 4, a case study is discussed to
show how many observations and how much time are
needed in steady-state simulation of queueing models
with self-similar input processes (called SSM/M/1/c0).
This is compared with simulation run lengths of the same
queueing models fed by short-range dependence (SRD)
processes such as M/M/1/co queueing system. The in-
fluence of the Hurst parameter on simulation run-length
is also analysed, before the final conclusions are formu-
lated.

2 SELF-SIMILAR PROCESSES
AND THEIR PROPERTIES

Basic definitions of self-similar processes are as follows: A
continuous-time stochastic process {X;} is strongly self-
similar with a self-similarity parameter H (0 < H <
1), known as the Hurst parameter, if for any positive
stretching factor ¢, the rescaled process with time scale
ct,c=" X, is equal in distribution to the original pro-
cess {X;} (Beran 1994). This means that, for any se-
quence of time points tq,ts2,...,%t,, and for all ¢ > 0,

{c "X, ,c B Xy, ..., c B Xy, } has the same distri-
bution as {Xy,, Xt,,..., Xt }-

In discrete-time case, let {Xx} = {X; : k =
0,1,2,...} be a (discrete-time) stationary process with
mean p, variance o2, and autocorrelation function
(ACF) {pg}, for k = 0,1,2,..., and let {X,im)}zozl =
{X{m),Xém), ...}, m=1,23,..., be asequence of batch
means, i.e., X,gm) = (Xpm-mt1+ -+ Xgm)/m, k> 1.

The process { X} with py — k77, as k — 00,0 <
B8 < 1, is called ezactly self-similar with H =1 — (5/2)

if p,(fm) = pg, for any m = 1,2,3,....

In other words,

the process {Xj} and the averaged processes {X ,gm)},
m > 1, have identical correlation structure. The process
{ X} is asymptotically self-similar with H = 1 — (3/2)
if pgcm) — Pk, as M — 0Q.

The most frequently studied models of self-similar
traffic belong either to the class of fractional autoregres-
sive integrated moving-average (F-ARIMA) processes or
to the class of fractional Gaussian noise processes; see
(Hosking 1984; Leland et al. 1994; Paxson 1997). F-
ARIMA(p,d, q) processes were introduced by Hosking
(Hosking 1984) who showed that they are asymptoti-
cally self-similar with Hurst parameter H = d + %, as
long as 0 < d < % On the other hand, the incre-
mental process {Y;} = {Xy — Xp—1},k > 0, is called
the fractional Gaussian noise (FGN) process, if {Xj}
represents a fractional Brownian motion (FBM) ran-
dom process. This process is a (discrete-time) station-
ary Gaussian process with mean p, variance o2 and
{oe} = {30k + 1P7 = 2/kP7 + [k = 12T)}, &> 0. A
FBM process is characterised by three properties (Man-
delbrot and Wallis 1969): (i) it is a continuous zero-mean
Gaussian process {X;} = {Xs:s>0and 0< H <1}
with ACF given by {p,;} = {3(s* +t2H — |s — t|2H)},
where s is time lag and ¢ is time; (ii) its increments
{X} — X;_1} form a stationary random process; (iii) it is
self-similar with Hurst parameter H, that is, for all ¢ > 0,
{X.t} = {c” X;}, in the sense that, if time is changed by
the ratio ¢, then {X;} is changed by .

Main properties of self-similar processes include:

o Slowly decaying variance. The variance of the sam-
ple mean decreases more slowly than the reciprocal
of the sample size, that is, Var[{X,im)}] — cym™h
as m — oo, where ¢1 is a constant and 0 < 3 < 1.

e Long-range dependence. A process {X;} is called
a stationary process with long-range dependence
(LRD) if its ACF {pi} is non-summable, that is,
> ore g pr = 0o. The speed of decay of autocorrela-
tions is more hyperbolic than exponential.



e Hurst effect.  Self-similarity manifests itself by
a straight line of slope (3 on a log-log plot of
the R/S statistic. For a given set of numbers
{X1,Xa,...,X,,} with sample mean i = E{X;}
and sample variance S?(n) = E{(X; — 1)?}, Hurst
parameter H is presented by the rescaled ad-

Justed range ?éZ)) (or R/S statistic) where R(n) =

max{>"F | (X; — 1),1 < k < n} —min{>}  (X; -
@),1 < k < n} and S is estimated by S(n) =

VE{(X; — 1)?}. Hurst found empirically that for

many time series observed in nature, the expected
value of % asymptotically satisfies the power-

law relation: E [% H

0.5 < H < 1, where ¢y is a finite positive constant.
The Hurst parameter H is typically about 0.73, ob-
servations X, from SRD processes are known to sat-
isfy E[%] — ¢3n%® as n — oo, with c3 a finite
positive constant. This discrepancy of the H values
obtained by LRD and SRD processes, i.e., H = 0.73
and H = 0.5, respectively, is generally referred to as
the Hurst effect; see for example (Beran 1994; Cox
1984; Leland et al. 1994).

] — can™, as n — oo, with

e 1/f-noise. The spectral density f(A\;H) obeys a
power law near the origin, i.e., f(A\; H) — cg\! 28
as A — 0, where ¢4 is a finite positive constant and
05 < H<1.

3 TELETRAFFIC GENERA-
TION AND SIMULATION

We claim that the FGN-DW transformation is suffi-
ciently fast for generation of synthetic self-similar se-
quences, to be used as simulation input data (Jeong et al.
1999a). Let us briefly introduce the FGN-DW method
itself.

3.1 Generation of Self-Similar Teletraffic
Using FGN-DW

The general strategy behind our method is the same as
in (Paxson 1997). The algorithm consists of the follow-
ing steps (for more detailed discussions, see (Jeong et al.
1999a)):

Step.1 Calculate a sequence of values {f1, fa, -+, fu} us-

ing f(\; H) = cp|AI'72H 4+ O(|\mB2H.2)) where
cy = o?(2m) tsin(rH)I'(2H + 1) and O(-) repre-
sents the residual error, f; = f (Z%), corresponding
to the spectral density of an FGN process for fre-

quencies from 7 to 7.

Step.3 Generate a sequence {1,z

Step.2 Adjust {f;} by multiplying them by realisations of

an independent exponential random variable with
mean equal 1.

-, &p}t of complex

numbers such that |z;| = \/ﬁ and the phase of z; is
uniformly distributed between 0 and 27w. The ran-
dom phase technique, taken from (Schiff 1992), pre-
serves the distribution of spectral density of { fz},
but ensures that different sequences generated us-
ing the method will be independent. It also makes
the marginal distribution of the final sequence nor-
mal. The phase randomisation makes the different
frequency components independent (Paxson 1997).

Step.4 Calculate two synthetic coefficients of orthonormal

Daubechies wavelets which are used in the inverse
discrete wavelet transform (IDWT) (Nartallo et
al. 1996). Then, generate the approximately self-
similar FGN sequence in time domain by using the
IDWT from {z;}. We use the Daubechies wavelets
(Daubechies 1992) because it produces more ac-
curate coefficients of wavelets than Haar wavelets
(Wickerhauser 1994).

Using the above steps, the proposed FGN-DW
method gives a fast generator of well approximated self-
similar sequences of numbers representing FGN processes
which can be interpreted as differential arrival rates.

3.2 Transformation of Self-Similar
Count Processes into Inter-Arrival
Processes

Simulation studies of telecommunication networks re-
quire generation of arbitrarily long sequences of inter-
arrival times of transmitted data packets. Therefore,
a mechanism is needed to transform self-similar pro-
cesses representing the arrival counts, or differential ar-
rival rates (see the above subsection.), into suitable se-
quences of inter-arrival times of packets, while preserving
appropriate characteristics (Jeong et al. 1999b). In this
paper, we use a count process generated by FGN-DW to
obtain exponential inter-arrival distribution.

Let Fy(y) be a marginal cumulative density func-
tion (CDF) corresponding to a process {Y;}. Then
the process {Y;} with the desirable marginal CDF
Fy(y) is produced from the process {X;} by using
the following transformation. Given a self-similar se-
quence of the FGN-DW process { X} }, we can transform
the marginal distribution by mapping each number as
(i} = Iy Y(Fn(XR), k=1,2,....



In order to estimate the CDF, we use that from Cody
1969. Rational approximations for the complementary
error functions erfc (z), with maximal relative errors
ranging down to between 6 x 1071 and 3 x 10720 were
proposed by (Cody 1969).

The CDF of the exponential distribution is Fx (z) =

1 — e *. To generate exponential variates, the in-
verse transformation is defined as: {Y,} = —(1/A) %
log(Fn (Xk))-

4 NUMERICAL RESULTS

We look at how many observations and how much time
are needed in sequential steady-state simulation of a
queueing system with self-similar input processes. An
M/M/1/o0o and SSM/M/1/o0o queueing systems have
been simulated in the method based on spectral analy-
sis when one simulation engine is used in AKAROA-2
(Ewing et al. 1999), a fully automated tool of sequen-
tial simulation designed for stopping simulation with a
pre-specified statistical precision of the final results.

Figure 1 shows the number of theoretically required
observations, and the mean number of empirical obser-
vations need for stopping simulation with the required
statistical precision, for different values of traffic inten-
sity p, when analysing steady-state mean response time
in an M/M/1/00 queueing system. Each mean exper-
imental run length of simulation is an average over 30
replications. Confidence intervals of relative half-widths
of 10% or less, at 0.95 confidence level, are also shown
in Figure 1. While for p < 0.6 the mean number of em-
pirical observations is slightly higher than the number
of theoretically required observations, for 0.6 < p < 0.9
the mean number of empirical observations is lower than
the number of observations required theoretically. Both
numbers quickly grow as p — 1. The range of the re-
ported mean numbers of empirical observations needed
is between 1787 and 128211.

The results in Figure 1 show that, analysis of an
SSM/M/1/co queueing system with self-similar input
processes requires many more observations than an
M/M/1/o0 queueing system. The mean number of ob-
servations, or simulation run length, significantly in-
creases with H of the input stream. For p = 0.4 and
each H = 0.6, 0.7 and 0.8, the mean number of empiri-
cal observations for the SSM/M/1/0c0 queueing system
is 4484 (13.4%), 13540 (242.4%) and 233023 (5791.9%),
respectively, while for p = 0.4, the M/M/1/00 queue-
ing system needs 3955 observations ((- %) are the rela-
tive increases of the run-length against the M/M/1/c0
queueing system). For p = 0.8 and each H = 0.6 and
0.7, the mean number of empirical observations for the
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Figure 1: Mean numbers of observations needed in se-
quential analysis of steady-state mean response time: in
an M/M/1/oo and SSM/M/1/c0 queueing system with
relative precision < 10%, 95% CI when one simulation
engine is used.

SSM/M/1/co queueing system is 76373 (228.4%) and
539781 (2221.2%), respectively, while for p = 0.8, the
M/M/1/o0 queueing system only needs 23524 observa-
tions.

Figure 2 shows the mean response time needed in
the sequential analysis of a steady-state simulation in
an SSM/M/1/oco and an M/M/1/0co queueing system
with a relative statistical error < 10%, 95% CI. Even
though p = 0.4, for H = 0.6,0.7 and 0.8, the mean re-
sponse time of the SSM/M/1/cc is 0.174 (4.8%), 0.206
(24.1%), and 0.3291 (98.3%) seconds, respectively, but
the mean response time of the M/M/1/00 queueing sys-
tem is 0.166 seconds. For p = 0.8 and H = 0.6 and 0.7,
the mean response times of the SSM/M/1/co queueing
system are 0.6722 (35.5%) and 2.086 (320.6%) seconds,
respectively, while for p = 0.8, the mean response time of
the M/M/1/0c0 queueing system is only 0.496 seconds.

Therefore, the mean response time of the
SSM/M/1/oo queueing system in Figure 2 rapidly
increases as H increases, while the mean response time
of the M/M/1/o0 queueing system slowly increases.

Thus, the results tell us that performance of queue-
ing systems under Poisson processes and self-similar pro-



cesses are very different. If self-similar processes are
taken into account in simulation studies of telecommu-
nication networks, they will give more realistic results
than Poisson processes. We may also face difficulty in
sequential steady-state simulation of a queueing system
when the H value is especially very high, since methods
of long bulk generation with self-similar processes require
a large amount of time.

5 CONCLUSIONS

We have examined the main issue of stochastic simulation
of telecommunication networks with self-similar teletraf-
fic. We looked at how many observations and how much
time are needed in sequential steady-state simulation of
a queueing system with self-similar input processes. As
we have shown, assuming self-similar inter-arrival pro-
cesses, one needs many more observations to obtain the
final simulation results with a required precision than
when assuming Poisson inter-arrival processes. To se-
cure a predefined statistical precision of simulation final
results, one would need to generate arbitrary long se-
quences of inter-arrival times, and this would need to
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Figure 2: Mean response time needed in sequential analy-
sis of steady-state mean response time: in an M/M/1/c0
and SSM/M/1/co queueing system with relative preci-
sion < 10%, 95% CI when one simulation engine is used.

be done sequentially. At this stage, an algorithm for se-
quential generation of self-similar sequences has not been
proposed.
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