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Abstract

Stochastic discrete-event simulation with sequential
analysis of output data at consecutive checkpoints al-
lows full control of the errors of the simulation results.
Unfortunately, applications of sequential stochastic sim-
ulation are impeded by the fact that very long simula-
tion runs can be required to reduce statistical errors of
results to an acceptable level. In this paper we formu-
late rules governing the speedup of sequential stochas-
tic simulation executed under the Multiple Replications
in Parallel scenario. In this scenario, output data are
produced in parallel by multiple processors that run in-
dependent replications of a given simulation and sub-
mit the generated data to global analysers. Both theo-
retical and practical implications of the rules governing
speedup are discussed.

1 Introduction

Stochastic discrete-event simulation has become the
most popular tool of performance evaluation of such
complex stochastic dynamic systems as, for example,
telecommunication networks. For drawing conclusions
from such performance evaluation studies, one needs to
be sure that statistical errors associated with simulation
results are appropriately small, since it is well docu-
mented that the conclusions on the basis of results with
high (or unknown) statistical errors can be very mis-
leading; see for example (Pawlikowski 1999). Because of
that, simulation conducted for a system’s performance
evaluation should be run sequentially, i.e. it should fol-
low a sequence of consecutive checkpoints at which the
accuracy of estimates is assessed, until the statistical er-
rors of results at some checkpoint falls below an accept-
able threshold and the simulation can stop. Sequential
stochastic simulation is the only practical approach
allowing control of the error of the final results, since
... no procedure in which the run length is fized before
the simulation begins can be relied upon to produce a

confidence interval that covers the true <wvalue> with
the desired probability level” (Law and Kelton 1991).

Unfortunately, applications of sequential stochastic
simulation are impeded by the fact that very long sim-
ulation runs can be required to reduce statistical er-
rors of results to an acceptable level. This is especially
true when the output data come from strongly corre-
lated time series, as is the case in telecommunication
networks with teletraffic modelled by stochastically self-
similar and long range dependent processes. One tradi-
tional approach to solve this problem would be to reduce
the simulation run length by reducing the variances of
estimators used in the simulation, i.e. by applying one
of the Variance Reduction Techniques (VRTSs) (Law and
Kelton 1991).

Another possible way of reducing the simulation run
length is to reduce the time needed for collecting the re-
quired sample of output data by generating these data in
parallel, on multiple processors. This means launching
multiple independent replications of the same simula-
tion on multiple simulation engines for concurrent pro-
duction of statistically equivalent output data. Streams
of output data coming from different simulation engines
are delivered to a global analyser, responsible for calcu-
lating estimates and their errors at consecutive check-
points. This scenario of sequential stochastic simula-
tion is known as Multiple Replications in Paral-
lel or MRIP (Pawlikowski et al. 1994), and was first
suggested in (Bhavsar and Isaac 1987). Since then a
few implementations of this idea have been reported.
These include AKAROA.2, a controller of stochastic
simulation designed at the University of Canterbury in
Christchurch, New Zealand (Ewing et al. 1999).

In this paper we formulate rules governing the
speedup of sequential stochastic simulation executed un-
der the MRIP scenario, both for terminating and steady-
state stochastic simulations. The application of these
rules in practical simulation studies will also be dis-
cussed. Without losing the generality of our findings,
we will restrict our discussion to the MRIP simulations
being executed on multiple processors of a local area
network.
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Figure 1: Distributed stochastic simulation in MRIP sce-
nario: three simulation engines, each executing simulation
of the model M.

2 A generic implementation of
MRIP and its speedup

Execution of sequential stochastic simulation under the
Multiple Replications in Parallel scenario means launch-
ing multiple independent replications of a simulation on
multiple processors or workstations of a local network.
These workstations operate as simulation engines that
concurrently produce mutually independent streams of
(statistically equivalent) output data, or observations,
to be delivered for analysis to a global analyser, see Fig-
ure 1.

Each simulation engine follows its own sequence of
checkpoints, submitting its portion of the pooled sam-
ple of observations to the global analyser whenever it
reaches its next checkpoint. Let us note that, since
observations used by such analysers come from differ-
ent simulation engines, some performance measures or
methods of analysis may need to use specially defined
estimators, that take into account the distributed origin
of analysed output data; see for example (Pawlikowski
et al. 1994), for an MRIP estimator of a steady-state
mean, that is a generalization of a sequential non-MRIP
estimator, based on Spectral Analysis (Heidelberger and
Welch 1981).

Different policies of synchronisation or workload bal-
ancing of multiple simulation engines have been pro-
posed and studied in (Bhavsar and Isaac 1987), (Hei-
delberger 1988) and (Lin 1994). However, based on our
experience during almost 10 years of research on dis-
tributed stochastic simulation with AKAROA project
(see www.cosc.canterbury.ac.nz/research/RG /net_sim/
simulation_group/akaroa/), we assume that simulation
engines participating in stochastic simulation in the
MRIP scenario do not need any supervision or synchro-
nization, since the best solution is to give each of them
a chance to contribute in the collective production of
observations to such an extent as each of them can or is

able to. This strategy of uncoordinated cooperation
allows finishing simulation in the shortest possible time
within a given computing environment, while minimiz-
ing communication overhead.

Of course, we should remember that any sequential
stochastic discrete-event simulation in the MRIP sce-
nario represents a simulated sequential statistical exper-
iment. Thus, extra precautions have to be taken against
the possibility of accidental stopping of sequential sim-
ulation having collected too few observations, when the
statistical error becomes only temporarily acceptable.
In general, too short samples of output data can give
biased results with poor coverage. To avoid such too-
short simulation runs, one should ensure appropriate lo-
cation of the first checkpoint. Additionally, one can use
special heuristic rules protecting against too-short sim-
ulation runs (Lee et al. 1999). Once these precautions
are taken, one can expect not only unbiasedness of the
final results from sequential stochastic simulation exe-
cuted in the MRIP scenario, but also a speedup due to
the distributed nature of output data generation.

Employing multiple simulation engines for concur-
rent production of output data, one can expect that the
speedup achievable under the MRIP scenario is governed
by a version of Amdahl’s law, formulated for assessing
reduction of the processing time of a task if it is pro-
cessed concurrently by a number of processors, (Amdahl
1967).

To determine such a law for sequential stochastic
simulation in the MRIP scenario on P simulation en-
gines, let us measure the processing task associated with
a given simulation by the total number of observations
that are needed for achieving a declared level of statisti-
cal errors of the results. Additionally, let us temporarily
assume that each of P simulation engines makes exactly
the same contribution to a given simulation, and that
checkpoints followed by each simulation engine are lo-
cated exactly D observations apart.

Let N, observations be required for obtaining suf-
ficiently accurate final results when a single simulation
engine is used, Np observations be generated by each of
P simulation engines, and f (0 < f < 1) be the fraction
of the sample of N,,;, observations that cannot be col-
lectively produced by multiple simulation engines. Ad-
ditionally, for simplification,let us temporarily assume
that (1 — f)Nyin = PNp.

Then the resulting speedup Sp = Npin/Np) is given
by the following formula:
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This formula states that the maximum speedup
equals

Nmin
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and is achieved when one uses Pz = HDNM simu-
lation engines, i.e. all required observations are available
when the simulation engines reach their first checkpoint.
Note that the speedup cannot be increased by introduc-
ing more than P,,,, simulation engines: such an action
would only decrease the final error of the results, making
them more accurate than required.

Having derived Equation (1), we note that, by the
virtue of stochastic simulation, each replication will have
different run length, i.e. N,,;, assumes different val-
ues in different replications. Thus, we should introduce
Nyin, the mean number observations needed for stop-
ping simulation when a single simulation engine is used.
In the case of P simulation engines, each of them should
use statistically independent streams of pseudorandom
numbers. Thus, we should introduce: f (0 < f < 1)
as the mean fraction of the N,,;, observations that can-
not be produced in parallel', and D as the mean dis-
tance between checkpoints (the number of observations
between consecutive checkpoints, averaged over all sim-
ulation engines). Then, for

Np = (D iy,

where [z] denotes the largest integer that is smaller
than x + 1, the formula governing the mean speedup of
sequential stochastic simulation in the MRIP scenario is
given as follows:
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The dependence of S on f and P is depicted in Fig-
ure 2, for Npin = 10000 and D = 1. One can see
that the speedup is a linear function of the number of
simulation engines used only if all observations can be
cooperatively produced in parallel (f = 0), and S,,az
strongly degrades as f increases.

Since we have assumed a homogeneous set of pro-
cessors operating as simulation engines, whose cooper-
ative effort is left totally unsupervised, Equation (2)
determines the upper bound of mean speedup of
sequential stochastic simulation in the MRIP scenario,
executed in a homogeneous computing environment. In
the extremely asymmetric environment, if one simula-
tion engine uses very fast processor and the remaining
processors are very slow, the MRIP scenario can offer
no gain in speedup: the fastest simulation engines can
produce all N,,;, observations needed for stopping the
simulation, before any of the remaining simulation en-
gines is able to reach its first checkpoint.

1Some methods of simulation output data analysis require pre-
processing, that cannot be done in parallel by multiple simulation
engines; see Section 3.2.
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Figure 2: Mean speedup of sequential stochastic simula-
tion in the MRIP scenario with P simulation engines

In the next section we will discuss applications of
Equation (2) in the context of two main types of stochas-
tic simulation: terminating and steady-state simulation.

3 Terminating and steady-state
stochastic simulation

In terminating simulation the time horizon of the
simulated processes is well defined. For example, a sim-
ulation conducted for assessing the throughput of a pro-
duction line in a factory during eight hours of work, or
the mean response time of a WWW browser during 24
hours of its operation.

Steady-state simulation is used for assessing per-
formance of stable stochastic dynamic systems after
they reach steady-state (or statistical equilibrium), i.e.
when processes occurring in these systems become time
stationary, (Pawlikowski 1990). For example, the mean
response time of a WWW browser in steady-state will
assume a time-independent constant value.

3.1 Terminating stochastic simulation
in the MRIP scenario

Output data of sequential terminating simulation are
analysed by applying the method of Independent
Replications (Law and Kelton 1991). This means
sequential repetitions of independent replications of a
given simulation, with each replication producing a sin-
gle observation of the analysed performance measure.
Thus, in this type of stochastic simulation, the number
of collected observations N, equals the number of ex-
ecuted replications. Here f = 0, since it does not matter
whether replications are being executed by one simula-
tion engine or many different ones, as long as they are



statistically independent. To make analysis of statistical
errors possible, sequential terminating simulation enters
its first checkpoint when at least the first three observa-
tions are available, i.e. when the first three replications
are finished. After that, a new checkpoint can occur
whenever the next replication is finished.

Since

the mean speedup is given by the following formula:
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This agrees with experimental results of terminating
simulation conducted for mean values analysis reported
in (Pawlikowski et al. 1998).

3.2 Steady-state stochastic simulation
in the MRIP scenario

For the purpose of our speedup analysis, methods of
output data analysis in steady-state simulation can be
divided into two categories: (i) methods based on regen-
erative cycles, and (ii) others.

In the first case, i.e. if output data from sequen-
tial steady-state simulation are batched over consecu-
tive regenerative cycles of simulated processes, the mean
speedup achievable under MRIP is determined by the
formula given in Equation (3), provided that the sim-
ulation is initiated from a regeneration point. In such
a case, regenerative cycles play the role of independent
replications of terminating simulation, and N,,;, could
be measured by the number of recorded regenerative
cycles. Since the probabilistic properties of regenerative
processes within different regenerative cycles are identi-
cal, all collected observations can be used in analysis of
the long-run, steady-state behaviour of systems. Thus
f = 0. The theoretically predicted speedup of the MRIP
in regenerative simulation are in good agreement with
experimental results obtained in analysis of mean values
and quantiles; see (Lee 2001). However, as argued there,
to secure a good coverage of interval estimators used in
regenerative simulation, the first checkpoint should be
located after at least 100 regenerative cycles.

If a non-regenerative method of output data
analysis is used, one has to be aware that observations
collected at the beginning of simulation, during the so-
called warm-up or initial transient period, do not rep-
resent steady-state behaviour and can cause significant
bias, if they are retained. This can be specially harmful
effect in the case of steady-state simulation in the MRIP
scenario (Heidelberger 1988). Fortunately, quite effec-
tive techniques have been developed for automated and
sequential detection of the lengths of initial transient

periods (Pawlikowski 1990). In the MRIP scenario, the
operation of discarding of initial observations has to be
executed by each simulation engine: each of them has to
delete observations collected during the initial transient
period of its current replication. These observations
cannot be cooperatively generated, since each simula-
tion engine goes through its own warm-up stage by itself.
As the consequence of this, we have f > 0, and adding
more processors always gives smaller mean speedup than
that associated with regenerative simulation. However,
practical applications of regenerative simulation are lim-
ited to regenerative processes which frequently enter re-
generative points, so other methods of simulation output
analysis play more important role in simulation practise.
A wide spectrum of methods of this category surveyed in
(Pawlikowski 1990) include Spectral Analysis, different
versions of Batch Means, Standardized Times Series etc.
However, not all of them have their sequential versions,
and very few exist in a distributed version suitable for
the MRIP. Most of these methods exploit some concepts
of grouping observations in batches, and determination
of an appropriate batch size constitutes an additional
factor that increases the value of f. The only method
that does not require any preprocessing of output data,
other than determining the length of initial transient, is
Spectral Analysis. Thus, this is also the most promis-
ing method for simulation studies of strongly correlated
processes, where achievable speedup does matter.

Appropriate location of the first checkpoint remains
an important issue, protecting against potentially large
bias and poor coverage of the final estimates. In the
methods based on batching, the first checkpoint is usu-
ally declared when three to five batches of observations
are available. In Spectral Analysis, the first checkpoint
of sequential data analysis can be determined at the
point when the number of observations collected exceeds
1.5 — 2 times the length of the initial transient.

Our implementation of a fully automated MRIP sce-
nario in AKAROA.2 (Ewing et al. 1999) is based
on the method of MRIP.SA/HW (a distributed ver-
sion of a sequential SA/HW described in (Pawlikowski
1990), derived from the original non-sequential method
of Spectral Analysis proposed in (Heildelberger and
Welch 1981) and MRIP.NOBM (a distributed version of
Non-overlapping Batch Means, derived from a sequen-
tial method of Non-overlapping Batch Means proposed
in (Pawlikowski 1990)). We have used AKAROA.2 in
performance evaluation studies of new architectures and
protocols of telecommunication networks, employing up
to 30 identical workstations of a local area network as
simulation engines in the MRIP scenario, and achieving
up to tenfold speedup, depending on the relative lengths
of initial transient periods in simulated processes. How-
ever, the speedup currently achievable by AKAROA.2
is well below the limit given by Equation (2). The rea-
son is that the global analysers of AKAROA.2 have not
been designed to maximize the speedup. In particular,



the distance between checkpoints increases as simulation
progresses. Appropriate tuning of AKAROA.2’s global
analysers, both for achieving accurate final results and
for shortening the simulation time, is one of the topics
of current research.

4 Conclusions

In this paper we formulated a general rule of speedup
of sequential stochastic simulation executed in the Mul-
tiple Replications in Parallel scenario, on multiple pro-
cessors of a local computer networks. Different versions
of this rule, applicable to terminating and steady-state
simulation, and to different methods of output data
analysis have been also discussed.

We note that the MRIP scenario is an additional way
of utilizing distributed processing power of computer
networks, in additional to the scenario in which sim-
ulation models are partitioned into submodels, for con-
current simulation on different processors. Then, since
complexity of a model’s component is lower than that
of the whole model, simulations of components should
be shorter. However, naturally existing interactions be-
tween submodels can require that some processors oc-
casionally need to synchronise the advance of their sim-
ulated processes with processes simulated on other pro-
cessors. Many different methods proposed to achieve
such a synchronisation have been discussed, see for ex-
ample (Fujimoto 2000). By the comparison with MRIP,
this approach could be called Single Replication in
Parallel, or SRIP, It can offer a reasonable speedup if
a simulation model is sufficiently decomposable.

A challenge is to combine the MRIP with SRIP, to
benefit from advantages of these two scenarios of dis-
tributed simulation during a single simulation experi-
ment.
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