Supplementary Tutorial on Combinatorics
Theorem. The number of n-combinations out of k different items of infinite multiplicities is given by C(n+k-1, n).

Example. k=3, n=4. Items are 1, 2, 3.    C(k+n-1, n) = C(6, 4) = 15
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Proof. In the following the repetition of symbols 1 is given by x(1=11…1 (x times), etc. The general form of a combination is (x1(1, x2(2, …, xkk) such that x1+ … +xk=n. The number of such combinations is that of different non-negative solutions of equation x1+ … +xk=n. This is equal to the number of multi-set permutations on the set {(k-1)(0, n(1}. This is because there is a bijection from the solution to x1(10x2(10 …0xk, that is, x1 1s followed by 0 followed by x2 1s, etc. The symbol 0 is a separator of consecutive 1s. Let such set be M. The permutations in M have size n+k-1.
Example.  1 2 2 3   ( 1 2 1  ( 101101

The number of multi-set permutations on the set M is (n+k-1)!/((k-1)!n!) = C(n+k-1, n).
Now we apply this theorem to the number of multi-set combinations. Let S={n1(1, n2(2, …, nkk} and consider multi-set combinations of size n. Let A1 be the set of multi-set combinations from S such that there are n1+1 or more 1’s, …, Ak is such that there are nk+1 or more k’s. Then our target set is A1’ ( … ( Ak’ = (A1 ( … (.Ak)’. Thus we have |(A1 ( … (.Ak)’| = |P| - |A1 ( … (.Ak|. We have |P| = C(n+k-1, n), that is, unrestricted use of items is allowed in P. The second term can be evaluated by the inclusion/exclusion principle. |A1| can be evaluated by C(n+k-1-n1-1, n-n1-1). This is because we can exclude n1+1 1’s from the combination, and the rest becomes unrestricted. Similarly |A1 ( A2| can be evaluated by C(n+k-1-n1-1-n2-1, n-n1-1-n2-1), etc.
Example. S={1, 1, 2, 2, 2, 3, 3}. k=3, n=4, n1=2, n2-3, n3=2.
|P|=C(n+k-1,n)=C(6,4)=15. |A1|=C(6-2-1,4-2-1)=3, |A2|=C(6-3-1,4-3-1)=1, |A3|=|A1|.
|A1 ( A3| = C(6-2-1-2-1, 4-2-1-2-1)=0, and others are all 0.

Solution = 15 – 3 – 3 – 1 = 8

