COSC222 Assignment 1   Discrete Structures

(1) A logician was captured by a mafia group, detained in a cell room. There were two guards beside the room. One is honest and the other is dishonest. There are two exits from the room, one to freedom and the other to death. The chief of the group said to him, “You can ask a guard a question only once, and go through either exit depending on the answer”. After a while the logician worked out a question, and went to freedom. What is the question?

Note. The dishonest guard replies the opposite truth value to a question of a logical formula, whereas the honest respond the truth value itself. The logician cannot know which guard he is asking.

Proposition A : The asked guard is honest

      Proposition B : Door 1 is to freedom

A simple question like A’? (Are you dishonest?), or B? (Is door 1 to freedom?) does not help. The question must be a composite one, such as A ^ B’? This does not work. Why?
      The correct question Q is given by Q=A(B ( A’(B’. The following is a proof.

Let R be the response from the guard. R is given by R=A(Q ( A’(Q’. Then R is simplified by a logical calculus as follows:

   R = (A’ ( Q)((A ( Q’) = A(Q ( A’(Q’ = A(B ( A’((A(B’ ( A’(B) 

= A(B ( A’(B = B

That is, R is equal to B. Thus if response is yes, door 1 is to freedom. If response is no, door 1 is not to freedom, meaning door 2 is to freedom, from the assumption that exactly one door is to freedom.

      Now we generalize the problem slightly by introducing two propositions B1 and B2 as follows:

      B1 : door 1 is to freedom

      B2 : door 2 is to freedom

Substituting B1 for B in the above proof yields R=B1. We have the assumption B1(B2 is true. There is a possibility that both B1 and B2 are true. We have the following proof chart for the correct conclusion.

          R = B1, B1(B2

      ------------------------------------------

          R(B1 ( R’(B1’, B1’(B2

     -------------------------------------------

             R(B1 ( R’(B2

That is, if answer is yes, take door 1, and if answer is no take door 2.

      Now we generalize the problem further into three doors. Work out correct questions, and work out a correct escape strategy. Prove your escape strategy.

Hint. Use B1, B2 and B3 where Bi is “door i is to freedom”. Also assume B1(B2(B3 is true. Another hint. Is one question enough for escape?

(2) A multiset permutation is a permutation on a multiset. A multiset is a set where multiple occurrences of elements are allowed. For example, S={1, 2, 2, 3} is a multiset, where the number of occurrences of 2 is 2, and those for the rest are 1. The multiset permutations for S are given in lexico-graphic order as follows:

            1 2 2 3        2 2 3 1          Read column-wise

            1 2 3 2        2 3 1 2

            1 3 2 2        2 3 2 1

            2 1 2 3        3 1 2 2

            2 1 3 2        3 2 1 2

            2 2 1 3        3 2 2 1

Following this example, list up all permutations of S1 = {1, 1, 2, 2, 3} or S2 = {1, 1, 2, 3, 3}. Confirm the number of permutations by n!/(n1! … nk!), where ni is the number of occurrences of i, and k is the number of distinct elements. In the above example, k=3.

Use S1 if student number is even, else S2. 

(3) Multiset combinations can be defined similarly. For example, the set of 4-multiset combinations for S = {1, 1, 2, 2, 3, 4} is give in lexico-graphic order as follows:

          1 1 2 2     We have four components in S. Three items are taken out of S.

          1 1 2 3     Each combination is given in non-decreasing order of integers.

          1 1 2 4

          1 1 3 4

          1 2 2 3
          1 2 2 4

          1 2 3 4

          2 2 3 4
Following this example, list up all 4-multiset combinations for S={1, 1, 2, 2, 3, 4, 5} in lexico-graphic order. Confirm the number by the theory given below and in Appendix.
We can count the number of multiset combinations in the following way.

The number of combinations can be computed by the inclusion-exclusion principle. See Liu [9, p96 ]. 
Let C(n, k) = n!/(k!(n-k)!) be the number of (ordinary) combinations of k elements out of n. 
We can write a multiset A as (m1, …, mn) where mi is the multiplicity of i-th distinct component and mi is between 1 and k. In the previous example, A={1,1,2,2,3,4} is given by (2,2,1,1) because there are two of the first component, two of the second component, etc.

Let B be the k-closure of A. B is the multiset with k instances of each element of A. That is, written as (k, …, k). That is, we can choose a k-combination by taking any number of elements from each component of the multiset B.
 Let S(A, k) be the set of k-combinations of A. Let Ai be the set of k-combinations of B which have at least (mi + 1) elements of the i-th component. K-combinations in Ai are not in S(A, k). All k-combinations in S(B, k) are either in A1( … ( An or in S(A, k). 
Therefore |S(A, k)| can be computed by
 |S(A, k)| = | S(B, k) - (A1( … ( An) | 

          = |S(B, k)| -  |Ai| +  |Ai  Aj| + … + (-1)-n |A1 …  An|

Now observe that |Ai| = |S(B, k – mi – 1)|, since there is a one-to-one correspondence between k-combinations in Ai and k-combinations in S(B, k – mi – 1); removing (mi + 1) i’s from a k-combination in the former results in one in the latter, and vice versa with adding (mi + 1) i’s to the latter. Similarly we have |Ai  Aj| = |S(B, k – mi – mj – 2)|, etc. To compute |S(B, k)|, we have the formula |S(B, k)| = C(n+k-1, n-1) = C(n+k-1, k), proven in Appendix. An element in S(B, k) corresponds to a way to express integer k by a sum of n integers, that is, a (weak) composition discussed in Appendix.
Example. We compute the number of combinations in the previous example.

B={1,1,1,1, 2,2,2,2, 3,3,3,3, 4,4,4,4}. S(A, k)={{1,1,2,2}, {1,1,2,3}, …, {2,2,3,4}} 

S(B, k)={{1,1,1,1}, {1,1,1,2}, …, {2,2,2,2}, {2,2,2,3}, …{3,3,4,4,}, …, {4,4,4,4}} 

All possible four items from B

A1={{1,1,1,1},{1,1,1,2},{1,1,1,3},{1,1,1,4}}. At least three 1s. A2 is similar.

S(B, 4-3) = {{1}, {2}, {3}, {4}}.  Three 1’s removed from above.
A3 = {{1,1,3,3},{1,2,3,3},{1,3,3,3},{1,3,3,4},{2,2,3,3},

{2,3,3,3},{2,3,3,4},{3,3,3,3},{3,3,3,4},{3,3,4,4}}. At least two 3’s. A4 is similar.

S(B, 4-2) = {{1,1},{1,2},{1,3},{1,4},{2,2},{2,3},{2,4},{3,3},{3,4},{4,4}}. Two 3’s removed.
     |S(B, k)| = C(7, 4) = 35
     |A1| = |A2|= C(4, 1) = 4,   |A3| = |A4| = C(5, 2) = 10,   |A3  A4| = C(3, 0) = 1

 all other terms = 0, and thus |S(A, k)| = 35 –(4 + 4+ 10 + 10) + 1 = 8.
(4) Simplify the following Boolean function f by the Karnaugh map method and Quine-McClusky procedure.

x1 x2 x3 x4       f          This column for (5) below   -------------------------------------------------------------------------------------------------

0  0  0  0      1                  0                
0  0  0  1      0                  1                 

0  0  1  0      1                  2                 

0  0  1  1      1                  3                 

0  1  0  0      1                  4                 

0  1  0  1      1                  5                 

0  1  1  0      1                  6                 

0  1  1  1      1                  7                 

1  0  0  0      1                  8                 

1  0  0  1      1                  9                 
1  0  1  0      0                  D                

1  0  1  1      1                  E                

1  1  0  0      0                  F                

1  1  0  1      1                  N                

1  1  1  0      0                  O                

1  1  1  1      0                  P                

(5) A microwave oven has a 4-digit 7-segment LED display that can show numbers, but also needs to show the words “ON”, “OFF”, “DONE” and “OPEN”. So, as well as the digits from 0 to 9, each digit needs to be able to show the 6 different letters on a display. You need to design a logic network for the LED display with 4 inputs (a binary number from 0 to 15) and 7 outputs (one for each segment of the display).
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The layout of a seven-segment display is shown on the right. For example, the number 0 can be displayed by switching on all the segments except the middle one (G).

The input will be four bits, b3b2b1b0. For example, the input 0000 should display the number 0, and 1001 should display 9. The seven-segment patterns to use for the digits can be found at http://en.wikipedia.org/wiki/7_segment . However, you need to add the following six letters for the inputs 1010, 1011, 1100, 1101, 1110 and 1111 respectively:
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For the assignment, you are required to work out 7 minimal functions to calculate each of the seven segments, A to G, for the 16 possible input combinations. Show the 7 corresponding Karnaugh maps, and express the functions as a formula and network.

Trace your network by the binary input for one of letters of your choice.
Hand in hard copy. Prepare your work using a word processor as much as possible.

Due date: March 31, drop due date: one week later with 15% deducted.

Marking policy: Each question will receive 20 at full, resulting 100 for the whole.

Appendix. Theory of Compositions

A k-composition of integer n is to work out k integers that sum up to n. 

Note that the names n and k are swapped from the main text.

Example. n=5 and k=3.

    1 2 2

    2 2 1

    2 1 2

    1 1 3

    1 3 1

    3 1 1

In general, the number of k-compositions of n, F(n, k) is C(n-1, k-1).

Proof.

  1 x 1 x ………..x 1 (There are n 1’s and n-1 x’s)

If we choose k-1 of x’s for the barriers and remove the remaining x’s, we can choose one k-composition.

Example. 1 x 1 x 1 x 1 x 1. Choose the first and third for barriers. We have 1 x 1 1 x 1 1, corresponding to 1 2 2.

Thus the number of all composition is C(n-1, 0) + C(n-1, 1) + … + C(n-1, n-1) = 2n-1.

A weak composition is to allow 0 to participate to sum up to n. In the main text this weak composition is used as composition. Let the number be G(n, k). Then G(n, k) = C(n+k-1, k-1).

Proof. One weak k-composition corresponds to choosing k-1 positions for x and the rest for 1’s in a string of length n+k-1.

Example. 1 1 x 1 x x 1 1 corresponds to 2 1 0 2

Changing the names n and k, we have |S(B, k)|=G(k, n)=C(n+k-1, n-1).




























