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Other Uses for the Linear Emptiness Test

The same data structure and accounting trick that we used in Section 7.4.3
to test whether a variable is generating can be used to make some of the
other tests of Section 7.1 linear-time. Two important examples are:

1. Which symbols are reachable?
2. Which symbols are nullable?

1. Work done for that production: discovering the count is 0, finding
which variable, say 4, is at the head, checking whether it is already
known to be generating, and putting it on the queue if not. All these
steps are O(1) for each production, and so at most O(n) work of this
type is done in total.

2. Work done when visiting the positions of the production bodies that
have the head variable A. This work is proportional to the number
of positions with A. Therefore, the aggregate amount of work done
processing all generating symbols is proportional to the sum of the
lengths of the production bodies, and that is O(n).

We conclude that the total work done by this algorithm is O(n).

7.4.4 Testing Membership in a CFL ‘

We can also decide membership of a string w in a CFL L. There are several
inefficient ways to make the test; they take time that is exponential in |w|,
assuming a grammar or PDA for the language L is given and its size is treated
as a constant, independent of w. For instance, start by converting whatever
A representation of L we are given into a CNF grammar for L. As the parse trees
¥ of a Chomsky-Normal-Form grammar are binary trees, if w is of length n then
§ there will be exactly 2n — 1 nodes labeled by variables in the tree (that result.
has an easy, inductive proof, which we leave to you). The number of possible. -
trees and node-labelings is thus “only” exponential in n, so in principle we can
list them all and check to see if any of them yields w.
There is a much more efficient technique based on the idea of “dynamlC_llff
programming,” which may also be known to you as a “table- ﬁﬂmg algorIthFI”
or “tabulation.” This algorithm, known as the CYK Algorithm,3 starts with
CNF grammar G = (V T,P,S)for a language L. The input to the algorithm
a string w = a1a2 - - - an in T*. In O(n®) time, the algorithm constructs &’ “tabl

3Tt is named after three people, each of whom independently discovered essennally ‘th
same idea: J. Cocke, D. Younger, and T. Kasann
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that tells whether w is in L. Note that when computing this running time,
the grammar itself is considered fixed, and its size contributes only a constant
factor to the running time, which is measured in terms of the length of the
string w whose membership in L is being tested.

In the CYK algorithm, we construct a triangular table, as suggested in
Fig. 7.12. The horizontal axis corresponds to the positions of the string w =
ayas -+ an, which we have supposed has length 5. The table entry X; is the

set of variables A such that A = a;e;+1 - - - a;. Note in particular, that we are
mterested in whether S is in the set Xln, because that is the same as saying

”Séwle wlsmL
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X1 Xo3 'X34 X 45
Xy Xop X33 Xy Xss
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Figure 7.12: The table constructed by the CYK algorithm

To fill the table, we work row-by-row, upwards. Notice that each row cor-
responds to one length of substrings; the bottom row is for strings of length 1,
the second-from-bottom row for strings of length 2, and so on, until the top row
corresponds to the one substring of length n, which is w itself. It takes O(n)

- time to compute any one entry of the table, by a method we shall discuss next.
Since there are n(n +1)/2 table entries, the whole table-construction process
takes O(n®) time. Here is the algorithm for computing the X;;'s: '

BASIS: We compute the first row as follows. Since the string beginning and
-ending at position ¢ is just the terminal a;, and the grammar is in CNF, the;
'?fonly way to derive the string a; is to use a production of the form A — a;’
) Thus, X;; is the set of variables A such that A = q; is a production of G.

k INDUCTION: Suppose we want to compute X;;, which is in row j — ¢ + 1, and
‘+we have computed all the X’s in the rows below. That is, we know about a]l
strings shorter than a;a;y1 - - - @4, and in particular we know about all prop

Prefixes and proper suffixes of that string. As j—i> 0 may be assumed (since
the case i = 7 is the basis), we know that any derivation 4 = ;G4 - - - @ Tl :
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start out with some step A = B(C. Then, B derives some prefix of Q;Qiq1 *** Qj,
say B = @3Gi+1 ** " Gy, for some k < j. Also, C must then derive the remainder

of aiGiyy * - Ay, that iS, c é Qp+1Qk42 - aj.
We conclude that in order for A to be in . ij, we must find variables B and
C, and integer k such that:

L.i<k<y.

2. B is in X;.

3. Cisin Xy ;.

4. A — BC is a production of G. J |

Finding such variables A requires us to compare at most n pairs of previously
computed sets: (Xi;, Xiy15), (Xiit1, Xiza;), and so on, until (Xsj—1,X;;5).
The pattern, in which we go up the column below Xi; at the same time we go
down the diagonal, is suggested by Fig. 7.13.

Figure 7.13: Computation of Xi;j requires matching the column below with the
diagonal to the right

Theorem 7.33: The algorithﬁ described above correctly computes X;; forall
i and j; thus w is in L(G) if and only if S is in X,.. Moreover, the running -
time of the algorithm is O(n?). o

PROOF: The reason the algorithm finds the correct sets of variables was ex-
plained as we introduced the basis and inductive parts of the algorithm. For "thg'
running time, note that there are O(n?) entries to compute, and each involves. -
comparing and computing with n pairs of entries. It is important to remember -
that, although there can be many variables in each set Xij, the grammar G 8.
fixed and the number of its variables does not depend on n, the length of the =
string w whose membership is being tested. Thus, the time to compare t—wo
entries Xy and Xg41,5, and find variables to go into Xij is O(1). As there.are
at most n such pairs for each Xy;, the total work is O(n?). O :
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Example 7.84: The following are the productions of a CNF grammar G:
| S — AB|BC

A — BAla
B — CC|b
¢ — AB]|a

We shall test for membership in L(@) the string baaba. Figure 7.14 shows the
table filled in for this string.

{S.A4,C}
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Figure 7.14: The table for string baaba constructed by the CYK algorithm
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To construct the first (lowest) row, we use the basis rule. We have only to .
consider which variables have a production body a (those variables are 4 and -
C) and which variables have body b (only B doés). Thus, above those positions
holding @ we see the entry {4,C}, and above the positions holding & we see
{B} That IS,JYH = X44 = {B} and on = X33 = X55 = {A C} ]

In the second row we see the values of X19, Xa3, X34, and Xu5. For mstance,
let us see how X715 is computed. There is only one way to break the string from ;
positions 1 to 2, which is ba, into two nonempty substrings. The first must be
position 1 and the second must be position 2. In order for a variable to generate |
‘ba, it must have a body whose first variable is in X1; = {B} (i.e., it generates |
the b) and whose second variable is in X5 = {4, C} (i-e., it generates the a)."
This body cari only be BA or BC. If we inspect the grammar, we find that the’
" productions A — BA and S — BC are the only ones with these bodies. Thus, ;-
‘the two heads, 4 and S, constitute Xiz.
For a more complex example, consider the computation of Xos. We can
break the string aab that occupies positions 2 through 4 by ending the ﬁrstf
_String after position 2 or position 3. That is, we may choose k =2 or k = 3 in |
he definition of X24. Thus, we must consider all bodies in X29X354 U Xo3Xya-;
‘his set of strings is {4, C’}{S Clu {B}{B}={4S,AC,CS,CC, BB}. Ofthe_ﬁ

five strings in this set, only CCis a body, and its head is B. Thus, Xa4 = {B}.
D .




