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Abstract. Since information theory was used in establishing the lower
bound of the complexity of sorting, there have not been many attempts
to use information theory in adaptive sorting. In this paper we introduce
the measure of entropy H(X) for disorder in a list X of length n. The
entropy measure is defined for ascending runs and up-sequences. Then
we present new adaptive sorting algorithms, one called minimal merge
sort, and its extension. Minimal mergesort merges the ascending runs in
the input list from shorter to longer, that is, merging the shortest two
lists each time. The extended algorithm first finds the minimum number
of up-sequences and calls minimal mergesort. We show that these algo-
rithms run in (O(nH(X)) worst case and expected times respectively,
and minmal mergesort is optimal with respect to entropy. Finally we de-
fine more entropy measures and discuss their relationships with existing
measures in adaptive sorting.
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1 Introduction

Adaptive sorting is to sort the list of n numbers into increasing order as efficiently
as possible by utilizing the structure of the list which reflects some presortedness.
See Estivill-Castro, and Wood [1] for a general survey on adaptive sorting. There
are many measures of disorder or presortedness. The simplest one is the number
of ascending runs in the list. Let the given list X = (a1, a2, -,a,) be divided
into k ascending runs X; (i = 1,---,k), that is, X = (X1, Xs, -+, X}) where
X; =@, 0¥y and a!” is the |X;| + - + |X;_1| + 1-th element in X. We
denote the length of list X by |X|. Note that agi) < -+ < af) for each X; and
an} > agiﬂ) if X; is not the last list. The sort algorithm called natural merge
sort [3] sorts X by merging adjacent two lists for each phase halving the number
of ascending runs after each phase so that sorting is completed in O(nlogk)
time. Mannila [5] proved that this method is optimal under the measure of the
number of ascending runs.

In this paper we generalize the measure RUNS (X) of the number of ascending
runs into that of the entropy of ascending runs in X, denoted by Hgryns (X).



Then we invent a sorting algorithm, called minimal merge sort, that sorts X by
merging two minimal length runs successively until we have the sorted list. We
show that the time for this method is O(nHryns(X)) and is optimal under the
measure of Hryns(X)-

Let SUS(X) be the minimum number of up-sequences [4]. We generalize
this measure into the entropy of up-sequences, Hsys(X). Our second algorithm
first finds the fewest up-sequences, arrange them into ascending runs, and then
calls minimal mergesort. We show that this algorithm runs in O(nHgsys(X))
expected time and O(nlog |[SUS(X)|) worst case time. We refer to Hryns and
Hgys as runs-entropy and sus-entropy. Finally we define more general entropies
and discuss their relationships with other measures in adaptive sort. We do not
distinguish between O(nH (X)) and O(n(H(X) + 1)) for entropy H for simplic-
ity, although the latter is more precise. Logarithm is taken with base 2 unless
otherwise specified.

2 Entropy of ascending runs

Let n; = |X;| and p; = n;/n. Note that > p; = 1. We define the entropy of
ascending runs in X, Hgruns (X), by

k
Hpons (X) = =) pilogpi.
i=1

Since p; (1 =1,---,k) can be regarded as a probability measure, we have
0 S HRUNS(X) S Ing'
and the maximum is obtained when |X;| = n/k (i = 1,- -+, k). Hence the measure

O(nHgyns(X)) derived from runs-entropy covers RUN S measure O(nlogk).

Lemma 1. Any sorting algorithm takes at least 2(nHgruns(X)) time when the
entropy of ascending runs in X is Hryns(X) and |X;| > 2 fori=1,---,k.

Proof. Sorting X into X' = (a!,---,al) where a] < --- < a}, means that
X' is a permutation of X. To establish a lower bound, we can assume that all
elements in X are different. Let X; = (agi), - -,asf,.)). Let asf;. (t=1,---,k) be
fixed to be the i-th largest element in X. Then there are (:1_—k1) possibilities
of X1 being scattered in X'. Since the constraint of a7(111) > a§2)
the choice of a%ll), we have ("_Z;_"i“) possibilities of X5 being scattered in X'.

Repeating this calculation yields the number of possibilities NV as
(n—k)!

(ny —D!'(n—k—ng +1)!
n—k—ny+1)!

(neg —D!'(n—k—ny —na +2)!

is satisfied by

N =

B (nk_l - 1)!
(ng — 110!
n! ng - Ny

nleomg! nn—1)--n—k+1)"



Since the number of possible permutations is not fewer than this, we have the
lower bound T" on the computing time based on the binary decision tree model
approximated by

T =logN >nlogn — Zle n;logn;
+ Ele(log n; —log(n — i+ 1))
where we use Stirling’s formula. T is evaluated by
T> Ele nilog ot — klogn + 2(k — 1)
+log(n — 2k + 2),
since > logn; is minimum when ny = --- = ng_; = 2 and ny = n — 2(k — 1).
Now noting that the first term is minimum with the same condition, we have
2T — nHRUNﬁg(X)
> i log — — 2k 1 4(k -1
> Y nslog - ~ 2klogn + 4(k - 1)
+2log(n — 2k + 2)
n
> - = — - -
>2(k—1)log 5+ (n 2k+2)10gn—2k+2
—2klogn + 4(k — 1) + 2log(n — 2k + 2)
= (n — 2k)log +2(k—1)
>0,

n
n—2k+2

since 1 < k <n/2. Thus we have T' > nHryns(X)/2 = 2(nHruns(X)). If we
do not use Stirling’s formula for small n;’s, we can still establish the theorem
by using the integral approximation nlogn —n +1 < 337 logj < nlogn —
n + (1/2)logn for n (1st inequality) and n; (2nd inequality) and increasing the
constant 2 of 27T at the lefthand side. [ |

Note that if n;=1 for all , that is, sorted in reverse order, we have O(nHgyns (X))
= O(nlogn), but we can sort the given list in O(n) time.

3 Minimal mergesort

All lists are maintained in linked list structures in this section. Let X = (Xq,---,
X}i) be the given input list such that each X; is sorted in ascending order.
Rearrange X into X' = (Xj,,---, Xj;,) in such a way that |X;,| < [X;,,,| (j =
1,---,k—1), that is, (Xy,---, X}) is sorted with | X;| as key. We call this “meta-
sort.” Since each |Xj;| is an integer we can obtain X' in O(n) time by radix
sort. Now we sort X' by merging two shortest lists repeatedly. Formally we have
the following. Let M and L are lists of lists, whereas W; (i = 1,2) and W are
ordinary lists. By the operation M < L, the leftmost list in L is moved to the
rightmost part of M. By the operation W; < M (i = 1,2) the leftmost list of M
is moved to W;. By the operation M < W, W is moved to the rightmost part
of M. First(L) is the first list in L.



ALGORITHM 3.1 (Minimal mergesort)

1 Meta-sort X into X' by length of Xj;
2 Let L=X;
3 M:=0
4 M < L;
5 if L #( then M < L;
6 fori:=1tok—1do begin
7 Wi, <« M;
8 Wy <« M;
9 W := merge (W1, Ws);
10 while L # () and |W| > |[first(L)| do
M < L;
11 M<W
12 end
{W is the sorted list}.
Theorem 2. The algorithm minimal mergesort sorts X = (Xy,---, Xy) where

each X; is an ascending sequence in O(nHryns (X)), precisely speaking
O(n(Hruns(X) + 1)), time.

Proof. Consider the moment when W7 and Ws are merged at line 9. Note
that M and L are meta-sorted throughout the computation. From Lemma 3 (see
below), we have [W»| < 2|W| if W, is not an original list X; for any i. Since
|[Wy| < |Wa|, Wy and W, will go to a wider list, at least 3/2 times as wide, if
they are not original X;’s. Therefore each element in X; will go to wider lists at
most [logy, (n/|Xi])] + 1 times. Since at each merge at most [W1| + [Wa| — 1
comparisons are performed, we can charge 1 comparison on each element in X;
if it is in one of the merged lists. Thus the total number of comparisons can be
bounded by

k
Zni 10g3/2(§ +1) = O(n(Hruns(X) +1)).
| ]

Lemma3. If W, is not an original X; for any i at line 9, it holds that |Wa| <
4
S|

Proof. Suppose to the contrary that |[Ws| > 2|W;|. Then for the previously
merged lists V7 and Vs, that is, Wo = merge (V1, V2), we have |V1| > |Wy| or
[V2| > |Wi|. Thus V» or Vi must have been merged with W; or a shorter list, a
contradiction. ]

Example. Let |[X;| = 2, |X;| = 20! (i = 2,---,k — 1) and n = 2*. Then
minimal mergesort sorts X in O(n) time, since H(X) = const, whereas natural
mergesort takes O(nloglogn) time to sort X.



4 Finding up-sequences

Let X be decomposed into k up-sequences X1, ..., X;. Each X; = (agi), ‘e ,aS))
is a monotone non-decreasing sublist of X, that is, elements are taken not neces-
sarily consecutively from X and the union of X;’s is equal to X in the meaning
of mutiset. The measure SUS(X) is the minmum number of such sequences [4].
Let the entropy of up-sequences be defined smilarly to that of ascending runs.
That is, for p; = n;/n where n; = | X;|, we define

k
Hsys (X) =—)_ pilogp.
i=1

Note that Hgsys(X) < logk. We can similarly define Hgpg(X) by decompos-
ing X into the minimum number, SDS(X), of down-sequences. Let Xsys =
{X1,..., X} for k = SUS(X). We show we can compute Xsys in O(nHsys(X))
expected time. Then we can call minimal mergesort, so we can sort the given list
in O(nHgsys(X)) expected time. In the following algorithm, FRONT is a one di-
mensional array containing endpoints of up-sequences so far obtained. Elements
in up-sequences and endpoints are organized as pairs like (7, a[i]) to record the
position of a[i] and its value. We visualize up-sequences and FRONT by putting
(4, a[7])’s on a two-dimensional plane where i and a[i] represent horizontal and
vertical co-ordinates.

ALGORITHM 4.1 (Finding up-sequences)

1 k:=1; { k : current number of upsequences}
2 FRONT :={(1,a[1])}; X, := ((L,a[1]));

3 fori:=2ton do begin

4 if a[i] < min{alj]|(j,alj] € FRONT} then
5 begin k:=k + 1;

6 Add (i, a[i]) to the end of FRONT;

7 X := ((i,a[i])); mem[i] := k end

8 else begin

9 Let a[j] = maz{al[l]|(l,a[l]) € FRONT and a[l] < a[i]};
10 m = meml[j];
11 Append (i, a[i]) to Xpm;
12 Replace (j,a[j]) by (¢,a[i]) in FRONT;
13 end
14 end

Let us name elements (j,a[j]) of FRONT such that a[j] < a[i] to be can-
didates. Any candidate (j,a[j]) can be connected to (i,ali]) to grow the up-
sequence to which (4, a[j]) belongs as an endpoint. We take the largest such
a[j] among candidates. The array mem shows the membership of each (3, a[j])
such that j < i. Let the current endpoint of X; be (i;,b[l]). Then we have



b[1] > ... > b[k]. Using this property, line 8 can be implemented in O(log k) time
by binary search. Although Algorithm 4.1 is well known [2], the time analysis is
only known to be O(nlogn). We show its correctness and a sharper analysis in
our terminology.

Theorem4. At the end of Algorithm 4.1, k is the minimum number of up-
sequences.

Proof. We prove by induction that at the end of the i-th iteration, k is the
minimum number of up-sequences for array a[l..i]. Basis is obvious for ¢ = 1.
Assume the theorem is true up to ¢ — 1. If a[i] is not smaller than the smallest
candidate, then we come to line 9 and (4, a[i]) will be appended to X,,, without
increasing the number of up-sequences, hence the theorem is true. Suppose afi]
is smaller than the smallest candidate. Then we create a new up-sequence at
lines 5-6. If the number of up-sequences is not minimum at this stage, we must
be able to append (i, a[i]) to a previously formed up-sequence, say, X;. Then
X; is split into two; Y7 and Y> to form (Y3, (4,a[i])) and Y. Since Y is not
empty, we must be able to append Y5 somewhere else. Whether we split Y or
not, we must be able to append at least the leftmost element of Ys, say, (4, a[j]),
to another up-sequence. When we appended this element to Y; at a previous
step of the algorithm, there were no endpoints (j', a[j']) such that j' < j and
a[j'] < a[j]- This follows from the fact that there are no endpoints (i',a[i'])
such that a[i'] < a[i]) and (4, a[j]) was appended to the largest, or highest in
a geometrical sense, candidate. Now we face the same situation with that for
(1, a[f]), that is, (J,a[j]) must be appended to a non-endpoint in order not to
increase the number of up-sequences. This make-up process will proceed to the
left with no success in reducing the number of up-sequences. ]

Theorem 5. The expected running time of Algorithm 4.1 is O(nHgsys(X)), and
the worst case time is O(nlogk) where k = SUS(X).

Proof. At the end of the i-th iteration, if a[i] is smaller than the minimum
of FRONT, we put (i,a[i]) to the right end of FRONT, taking O(1) time.
Suppose afi] is not smaller than the minimum. Then our probability assumption
is that a[i] is appended to X; (I =1, ..., k) with equal probability 1/k, spending
O(log k) time by binary search. The value 7 — j at line 9 is then expected to be
not less than k/2. This is because afi] is chosen at random and has an equal
probability of being connected with each of k endpoints. Let pos(al(')) be the
position of al(z) in X. Let pos(al(fgl) - pos(al(z)) = Ny. Then it takes O(log Ny)
time on average to expand X; of length I by one. Since Y ;" Ny < n, we have

Sy log Ny < njlog(n/ny).

Since our assumption also regards the occurrence of afi] at line 4 as an indepen-
dent trial, we can take this summation as the sum of expected times. Taking
summation over ¢, we have the total expected time T as

T <% nilog(n/ni) = O(nHsys(X)).



The worst case time is obvious. [ |

Combining Algorithm 3.1 and Algorithm 4.1 yields the following algorithm
for sorting.

ALGORITHM 4.2 (Sorting with up-sequences)

1 Call Algorithm 4.1 to obtain fewest up-sequences X1,...,Xg;
2 Call Algorithm 3.1 to sort X = (X1, ..., X)-

Theorem 6. The lower bound for worst case time for sorting under decision
tree model is 2(nHsys(X)).

Proof. If we prepare ascending runs in Section 2 for Algorithm 4.1, these
will be found to be the fewest up-sequences as well. Then the theorem follows in
a similar way. ]

5 Relationships with other measures

In this section we discuss the relationships of entropy measures with other mea-
sures of presortedness or disorder in adaptive sorting.

Lemma7. Let Xsys = {X1,...,Xk} and n; = |X;|. Let I be the number of
inversions in X, that is, I is the number of pairs (a[i], a[j]) such that a[i] > a[j].
Let Xsys = {X1,..., Xx} and n; = | X;|. Then we have

k
Zni logi < nlog(I/n+1).

i=1

Proof. Let I; be the number of inversions caused by al[j], that is, I; is the
number of a[i] such that afi] > a[j]. Then we have I = 37, I; and

n
> log(I; + 1) < nlog(I/n +1).
j=1

Equality holds when all I; are equal. Now observe the endpoints of X, ..., X}
are in decreasing order and q[i] is appended to a[j], the endpoint of X,,. That
is, I; > m — 1 if a[j] belongs to X,,. Thus we have

k n

> “nilogi <Y log(I; +1) < nlog(I/n +1).
i=1 j=1

Theorem 8.

O(Hsus(X)) < O(log(I/n +1) +1).



Proof. Let Y2, 1/i* = C, where C is a constant, and ¢; = (1/i?)/C. Then
Zle g; < 1. Let p; = n;/n. Then, noting that logz <z — 1,

— Y% pilogpi — (- i, pilogq;)
= Yr , pilog(ai/pi)

< pilai/pi — 1)

= Zle g — Zle pi <0

Thus, using the lemma, we have

Hsys(X) < — Zf=1 pilogg;
= (1/n) ¢, nilog Ci?
= (1/n) Ele 2n;logi + log C < 2log(I/n + 1) + log C.

Corollary. Since the measure of inversions is given by O(n(log(I/n + 1) + 1)),
the measure of sus-entropy, that is, O(nlog(Hsys(X))) covers the inversion
measure. Furthermore Algorithm 4.2 is inversion-optimal in the expected time
sense.

Next we define more general entropies. Let UP(X) = {Xj,...,Xx} be an
arbitrary decomposition of X into up-sequences X7, ..., Xz. Let Iyp(X) be the
set of all such decompositions. Now the entropy of UP(X) is defined by

K
Hyp(x)(X) == _ pilogpi,
i=1

where p; = n;/n and n; = |X;|. The up-entropy of X, Hyp(X), is defined by
HUP(X) = mm{HUp(X)|UP(X) S FUP(X)}

Let Hpown(X) and Hpyono(X) be similarly defined by using down-sequences
and monotone sequences. We call these entropies down-entropy and monotone-
entropy. Obviously Hyono(X) < Hyp(x) and Hyono(X) < Hpown (X). Tt
is also clear that Hyp(X) < Hgys(X) and Hpown(X) < Hgps(X), mean-
ing that O(nHyp(X)) covers the invertion measure. Furthermore we have the
following.

Theorem 9. The Rem measure is defined by O(n+rlogr) where r is the number
of the remaining elements after the longest up-sequence is removed [1]. Then it
holds that O(nHyp(X)) covers the Rem measure.

Proof. We use natural logarithm in this proof for convenience. This only
causes difference in constant factor. Let a decomposition UP(X) = {X;, ..., Xx}
be given in such a way that X}, in the longest up-sequence in X. Let n; = | X;]|.
Then

Hyp(X) < Hyp(x)(X)

= Zf;ll nilogn/n; + (n —r)logn/(n —r)



<rlog((k—1)n/r)+ (n—7)logl/(1 —r/n)
<rlogn+ (n—r)(r/n+r%/(2n?%))
<rlogn-+r.

Now subtracting the right-hand side from n + r logr, we have
n+rlogr —r —rlogn =n—r+rlog(r/n)

=n(l —r/n+ (r/n)log(r/n)) >0,
since0<r/n<1land —zlogz <l—zfor0<z<1. [ ]

6 Concluding remarks

If an algorithm runs in O(nH (X)) time for some entropy H(X) and O(nH (X))
is the lower bound for sorting, we say the algorithm is H(X) optimal.

When we scan X, we can identify ascending runs and descending runs alter-
natingly. By reversing descending runs, we can satisfy the condition of | X;| > 2in
Lemma 2.1. This modified version of Algorithm 3.1 with this prescanning is thus
optimal with respect to runs-entropy. It is open whether there is an algorithm for
obtaining fewest up-sequences in O(nHgys (X)) worst case time, whereby Algo-
rithm 4.2 can be Hgys(X) optimal. We also showed that the entropy measures
cover several existing measures in adaptive sorting.

Future research will seek entropy optimal algorithms for various entropies.
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